In the work we have considered p-adic functional series with binomial coefficients and discussed its p-adic convergence. Then we have derived a recurrence relation following with a summation formula which is invariant for rational argument. More particularly, we have invesigated certain condition so that the p-adic series converges and gives rational sum for rational variable.
Introduction
The reason behind the essentiality of p-adic numbers is that it has has been very useful as a tool to solve many hard problems of pure mathematics specially on number theory. Over the last 3 decades, p-adic numbers has been successfuly applied into physical phenomenon as well, as formulated in the literature review paper [4] . Further, series plays a much crucial part in mathematics and physics. So it is important to investigate convergence and find out sum of series. However, we prefer to work with finite or rational values in physical measurement.
Another important thing is that infinite series with rational numbers are rational numbers can be treated in any p-adic as well as in real number field, because rational numbers are endowed by real and p-adic norms. Specially, a real series which diverges in real case, needs p-adic investigation when its p-adic sum is a rational for a rational argument.
We are mainly inspired by the works of the author of ([1], [2] , [3] ). In these works ( [1] , [2] , [3] ), Professor Branko Dragovich introduced p-adic invariant summation of a class of infinite functional series with factorial coefficient n! i.e., power series of the form n!P k (n, x)x n , where P k (n, x) are polynomials in x of degree k, such for any rational argument the corresponding sum is also a rational number.
In this paper we have considered p-adic functional series with binomial coefficient instead of factorial n! and we have arrived with a summation formula having invariant form which gives rational number for rational argument. Key words and phrases: p-adic numbers, p-adic series, convergence, binomial coefficient, invariant sum
Main Results
We consider the following p-adic functional series
where B k (n), 0 ≤ l ≤ k represents polynomials in n having integer coefficients. Our goal is to find the polynomials P k (n, x) for which the series (1) converges p-adically and has invariant sum, in particular, for rational argument x ∈ Q the sum S k (x) ∈ Q.
Let us recap the convergence of p-adic power series. The power series a n x n converges p-adically if and only if |a n x n | p → 0 as n → ∞. Since the p-adic functional series (1) contains the binomial coefficient 2n n , we must know the p-adic valuation of 2n n in order to check p-adic convergence of the series (1). In 1852, Ernst Kummer showed a method to calculate p-adic valuation of binomial coefficient as follows: For n = n 0 + n 1 p + · · · + n r p r , the sum of digits is denoted as δ p (n). By Legendre's formula we have
Then we have
where each of the summands n p k , m p k , n−m p k is ≤ 1. Therefore,
For x = 1, the p-adic norm of the general term in (1) is given by
Thus the power series 2n n P k+1 (n, 1)x n converges for x| p ≤ 1. Since |P k+1 (n, x)| p ≤ |P k+1 (n, 1)| p if |x| p ≤ 1. So the power series (1) converges p-adically on the set of rationals
Finally we arrived at the goal to prove the following theorem-
be a polynomial with polynomial coefficients b j (n), 0 ≤ j ≤ k in n with rational coefficients.
Then there exits such polynomial A k−1 (N, x), N ∈ N so that the equality
Proof. Let us consider the finite power series with binomial coefficient:
2n n n k+1 x n ; k, n ∈ N ∪ {0}
Putting k = 0 in equation (8), we have
2n n nx n .
We have used the following combinatorics relations:
Let us derive the following recurrence formula:
The recurrence formula given by
which will help us to deduce a summation formula For, noting that n r = 0 if n < r, we have · · · · · · so on Now we will express equations (2) − (6) in terms of S 0 (N, x) as follows:
· · · · · · so on Thus the recurrence formula (2) help us to calculate sum S k+1 (N, x) provided all preceeding sums S i (N, x), i = 1, 2, · · · , k as function of S 0 (N, x) and using equations (8), (9) and (10), the summation has the following form
, which can be written as
where U k (x),V k (x) and W k (x) are polynomial in x of degree k and A k−1 (N, x) is a polynomial in x and the coefficients of x n in A k−1 (N,x) are polynomials in N of degree n. The equation
(11) can be written as
Using equation (12) in (12), we get recurrence formulas for U k+1 , V k+1 , W k+1 (x) and A k (N, x):
The polynomials A k (N, x) has some assigned relation with U k (x), V k (x), W k (N, x) . Further, U k (x), V k (x) and W k (x) are proportional to each other. This can be seen by putting N = 0 in equation (16) which takes the following form
This completes the proof.
Finally we answer to our proposed problem on the p-adic functional series (1). Proof. Taking N → ∞ in (7), the term A k−1 (N, x) vanishes with respect to p-adic absolute value and we get the sum of following p-adic infinite functional series (28)
This equation is valid for any k ∈ N and has same form for any k ∈ N. Indeed, the equality in independent of p-adic properties. In other words it is a p-adic invariant expression. That is, it gives rational sum for rational arguments.
Conclusion
Thus we have discussed p-adic convergence. We have deduced some summation formula of p-adic power series and shown that the summation formula is an invariant i.e., for rational argument, the sum is rational.
